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Abstract

Several formal verification methods exist to generate policies for dynamical sys-

tems which ensure they satisfy some reachability specification, for example, reach

a goal region without hitting an obstacle. In stochastic settings, often modelled as

Markov decision processes (MDPs), we generate robust policies that provide guar-

antees of worst-case scenario satisfaction probability for the specification. A com-

mon approach involves creating a finite abstraction of our system and then using

value/policy iteration to generate a policy to navigate the system.

While these methods are good at satisfying these specifications, they do not give

us fine-grained control. To the best of our knowledge there is no published method

that allows us to generate robust policies via MDP abstraction methods, while also

optimising for a secondary objective without sacrificing our safety guarantees. For

example, there is no current way to change a policy after abstraction to be more

energy efficient without sacrificing satisfaction guarantees.

To overcome this gap in the research, I propose a novel modification to policy

synthesis via robust permissive policy synthesis. These permissive policies produce

a set of actions at each state. I prove that we achieve robust safety guarantees with

these permissive policies and can thus resolve the action non-determinism runtime

via any online control method. We instantiate our novel framework, using reinforce-

ment learning methods to choose actions that optimise for secondary objectives.

This application is non-trivial due to the agent having to deal with a continuous ac-

tion space that changes at each step, dictated by the robust permissive policies that

we have synthesized. Finally, we explore the creation of these action sets, proposing

that dynamically-shaped “irregular-ball” give us the most control while maintaining

a high level of safety. We show via thorough experimentation that our reinforcement

learning agent successfully uses them to achieve the secondary objectives while still

navigating the system safely.
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1 Introduction

Being able to provide rigorous safety guarantees for systems that navigate dynamic

and often stochastic environments is crucial in the modern world [1]. From driverless

cars to autonomous drones, there are many scenarios in which we want to complete a

task while also achieving some safety (or similar) specification with a high and known

probability of success. We want to be able to synthesize policies for that detail how

we should act within the environment in order to maximise the probability that of

satisfying some specified goal.

A core example would be to synthesize a controller for a drone where we know

the drone’s starting location and the location of the landing pad that we want it

to reach. We also know the location of several obstacles that it must avoid. Often

times, the scenarios that we deal with contain uncertainty like it may be windy or

the drone’s propulsion system may be faulty. We see an example of this in Figure 1.

To achieve this, we must express complex, noisy environments in a tractable

manner and rigorously define goals for our system. Expressing the potentially non-

linear dynamics of our drone environment exactly can be challenging, due to its

continuous and stochastic nature. Combining this with the logical constraints we

want our system to satisfy means computing a policy on the concrete system is often

considered intractable.

To regain tractability, a standard approach is to construct a finite abstraction

that is a sound representation of the original concrete system as seen in [2] and [3].

This often involves discretising the state and action spaces, and approximating the

dynamics and uncertainty. This allows us to compute a policy for the abstract

system and then refine our policy back to the continuous, concrete system. It

is important that the abstraction satisfies certain properties with respect to the

original system in order to ensure that any concrete policy we derive by refining an

abstract policy is at least as safe as the abstract policy. That is, the satisfaction
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Figure 1: Drone example, figure from [2].

probability of the abstract policy must lower-bound the satisfaction probability for

the refined concrete policy. This means that any guarantees we find for our abstract

model can be safely applied to the true concrete system.

1.1 Background

This field of study, where we give robust probability guarantees and synthesise poli-

cies (instructions for our agent/controllable entity) for systems, falls under (Stochas-

tic) Formal Synthesis [4], [5]. To rigorously generate such policies there are many

different ways of defining a complex system and goal we wish to achieve. Many

verification techniques require us to define the system as a graph/automaton and

then perform various graph-based (or similar) algorithms.
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A common approach (as seen in [2]) is to define the abstract model (the finite

approximation of the original system) as a finite Markov decision process (MDP)

and then synthesize a policy to achieve a goal on our abstract model. We then look

to refine this policy so that that it can be used on the concrete system to achieve

the original goal.

Figure 2: Abstraction process.

The concrete model is the true model that governs our system, while the abstract

model is our tractable and sound approximation of the system. MDPs are transition

systems where the probability of an event happening at each step is independent of

the history up to that point — this is known as the Markov property. Work has been

done on policy synthesis over MDPs [6], [7]. Historically, these abstractions required

explicit knowledge of the concrete system, including knowing transition dynamics

exactly. Recent work has shown that we can obtain abstraction that capture the un-

certainty of a system via sampling-based methods [8], [9], [10], making use of interval

Markov decision processes (IMDPs), first introduced in [11] as bounded-parameter

MDPs. These new methods are effective at representing the aleatoric uncertainty

of a system while minimising the epistemic uncertainty that naturally comes with

sampling-based methods. IMDPs are MDPs where each transition probabilities lies
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in a given interval.

To make computation possible we discretise our concrete state and action spaces

in the abstract model by partitioning them into hyperrectangles. We then synthesize

a policy that achieves our safety specification on the abstract model. As previously

mentioned, our abstract model must be related to our concrete model in such a way

that its policy’s satisfaction probability acts as a lower-bound for the concrete policy,

for example the probabilistic alternating simulation relation presented in [12]. This

lower-bounding is what makes our policy robust when we refine it to be executed in

the concrete system, as we know it cannot perform worse than what we calculated

for the abstract model.

Figure 3: Discretising State Space, taken from [13].

We want our systems to be able to satisfy complex tasks that require non-trivial

temporal reasoning over potentially unbounded paths of execution. Some well stud-

ied methods of goal formalisation use formal logics such as linear temporal logic

(LTL) and probabilistic computation tree logic (PCTL) [14]. We will focus on a

subset of PCTL, specifically reach-avoid specifications [15], which can express both

finite and infinite-horizon problems [16]. These are specifications where we want to

reach a set of goal states while avoiding a disjoint set of critical states. For our ear-
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lier example of the stochastic drone, we would add abstract states that correspond

to landing on the pad to our goal set, and likewise for obstacles and the critical set.

Alongside the stochastic uncertainty in our model, in our abstraction we lump

several transitions together since we must discretise both our state and action spaces.

To soundly capture the behaviour of the original model we must work with sets of

probabilities. IMDPs provide this for us. Another reason we use IMDPs is we may

not know the exact uncertainty of the system, and thus we may use the sampling-

based methods mentioned before to approximate the uncertainty in the system.

There exist tools to help synthesize policies and find robust satisfaction proba-

bility guarantees for these systems. Most notably, the mature tools for probabilistic

formal verification Prism [17] and Storm [18], [19]. These rely on policy or more

often value iteration [20] to synthesize robust policies. This iteratively solves a se-

ries of Bellman equations, repeating until convergence. Crucially, this gives a robust

lower bound with respect to the satisfaction of the safety specification for a given

system and finds a policy by iteratively improving the action it recommends at each

state.

1.2 Problem to Tackle

Current formal verification methods allow us to synthesize a single policy that

maximises a single Markovian objective, for example, maximise the probability

that we reach the goal set without entering the critical set for a given reach-avoid

problem. We are able to achieve robust guarantees using abstraction-based methods,

meaning that we can derive the lower-bound that our policy is guaranteed to achieve

with respect to the objective.

These methods however do not provide any fine-grained control over the sys-

tem. For example, we cannot specify that the controller should prioritise taking

one path over another, or request it be as energy efficient as possible. While the
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current probabilistic model checkers Prism and Storm allow for probability based

specifications, expected reward calculation, steady state properties or similar over

(I)MDPs, there is currently no known way to a posteriori optimise some secondary

objective without sacrificing our safety guarantees.

The secondary objectives that we will focus on are path manipulation (encourag-

ing our controllable entity to favour a specific route), energy efficiency (favour poli-

cies that use actions with the smallest magnitudes) and action smoothness (favour

policies that reduce the delta between successive actions). This last secondary objec-

tive is particularly important as it allows us to avoid bang-bang policies [21]. These

are policies where successive actions are often far away from each other. They often

occur due to optimal actions often existing on the vertices of the admissible action

space. These policies are often not uniquely optimal and may be hard to imple-

ment in real-world scenarios as they require constant oscillation between different

extremes.

Further, discretising our concrete action/state space limits the level of granu-

larity available when it comes to control over our system. If we try to capture

the secondary objective in our goal specification but want really fine-grained con-

trol, we would suffer from an enormous state space blow up as we would massively

complicate the state space needed to represent this secondary condition, ultimately

losing tractability. Preferably, we want to be able to work with the continuous space

where possible, as we lose some accuracy to approximation when we discretise. An-

other flaw of current (I)MDP methods is that by their construction they assume

the system to be Markovian. Certain properties, such as ensuring smoothness be-

tween successive actions, are non-Markovian, meaning the current approach is not

applicable here.

Considering our drone example again, we may want to land the drone on the

landing pad, on a windy day, with a faulty propulsion system, without it hitting
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any obstacles, with probability > 0.99 while also trying to use as little energy as

possible.

Concretely our problem statement is as follows: Can we devise a way to modify

a policy after synthesising it from an abstract model such that we optimise for some

secondary objectives without sacrificing satisfaction guarantees?

1.3 Overview of our Approach

Traditionally, policies are deterministic and map a given state to an action that we

wish the agent to perform. We propose augmenting the policy synthesis process so

that at each state we allow a set of actions.

We then consider the resulting wider forward-reachable sets when we are doing

Bellman equation iterations to generate the policy and its satisfaction guarantees.

We refer to these set based policies as permissive policies. Crucially, the lower-bound

that we derive will hold no matter which action we select in the given state - as it

assumes we pick the “worst” action each time. One way we could do this is following

the work in [22]. Here they present a way to obtain robust permissive policies when

working with IMDPs. These policies allow a set of discrete actions at each state. We

discuss this idea in Section 3.1 and why we opt not to pursue it. Instead, we explore

the idea of continuos dense sets forming balls around an action point. These are

created by allowing a given action to be perturbed in each dimension, the resulting

points being what the policy allows. We then explore whether we want these balls

to be fixed in size or not.

Once we have these more flexible robust continuous permissive policies, we can

then use any online control method to choose the actions from the sets. We propose

to use reinforcement learning techniques to train agents to optimise for the secondary

objective while still successfully preserving the safety guarantees. The agents will

need to navigate a non-trivial landscape where the allowed action space can change
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at each step.

Research has shown that reinforcement learning agents are able to operate well

in complex environments, achieving a whole range of different goals [23]. Since our

setting is continuous in both the action and state space, we opt to use the Soft

Actor-Critic (SAC) algorithm [24], [25] to navigate sets of available actions.

Here, we take our robust policy and allow the agent to perturb the suggested

action at the centre of the set such that the result falls in the set that we used

during policy synthesis - this modification of a policy is known as residual reinforce-

ment learning [26]. Its success is very dependent on choosing good rewards, and in

particular by utilising domain knowledge and performing reward shaping [27].

1.4 Novel Contributions

The main contribution of this work is designing and demonstrating a method to

synthesise and utilise continuous permissive policies with robust guarantees. These

perform significantly better than current methods at optimising for secondary ob-

jectives while still maintaining robust safety guarantees. Specifically, we:

1. Define a new relation called (PASR-Ball) between abstract (IMDP) and con-

crete (continuous MDP) models that relates the models using these novel con-

tinuous permissive policies.

2. Prove that PASR-Ball let’s us synthesize our new permissive policies robustly.

We prove that the satisfaction probability for the abstract system lower-bounds

the satisfaction probability of the concrete system over both finite and infinite

horizons. Crucially, once the relation is satisfied, existing tools can carry out

policy synthesis.

3. Prove that our abstraction generation process satisfies our new relation and

thus inherits the proved satisfaction guarantees.
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4. Demonstrate that reinforcement learning agents performed significantly better

than the status quo at optimising for these secondary objectives while still

maintaining a high robust (and an even higher empirical) level of safety. This

required applying residual reinforcement learning techniques in a continuous

and non-trivial setting where the agent’s action space changed at each step.

5. Show that allowing our continuous action sets to be dynamically shaped can

improve both secondary objectives and satisfaction guarantees.

We design a new type of model relation and show that in both finite and infinite

horizons, it gives us strong satisfaction guarantees when we use our novel type of

continuous permissive policy. We then demonstrate that we can use reinforcement

learning agents to resolve the non-determinism of the permissive policy and success-

fully optimise for secondary objectives while maintaining satisfaction guarantees.

The relation, the guarantees it provides, and the reinforcement learning application

are all novel contributions to the formal synthesis field.
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2 Formalization

We will now formalise the mathematical structures required to reason about models,

abstractions, goals, and what it means to synthesise a policy to satisfy such a goal.

2.1 Markov Decision Processes

Definition 2.1. A Markov decision processes (MDP) M is a tuple ⟨X, x̄,U,T,L, h⟩

where:

• X is a set of states.

• x̄ is a distribution over X that defines our initial state.

• U is a set of actions.

• T : X× U → ∆(X) is a stochastic kernel that acts as our transition function.

It assigns to each state x ∈ X and action u ∈ U a probability distribution

T (x, u)(·) over the next states.

• L is a finite set of labels.

• h : X → 2L is a labelling function that assigns a set of labels to each state.

We say an MDP is continuous/discrete if both the action and state spaces are

continuous/discrete. Likewise, we can characterise MDPs as finite and infinite.

Note that we omit technical measure theoretic details such as specifying that our

state and action spaces are Borel measurable for brevity.

2.2 Abstract and Concrete Model

We assume that our concrete model is representable by a continuous MDP. This

is the real model of the environment. We then look to build a finite model that
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approximates this system. We refer to this as the abstract model.

The abstract model approximates the concrete model and allows us to regain

tractability when synthesizing a policy due to being discrete. We end up parti-

tioning the concrete model’s action and state space into discrete sets, and taking

a representative from these sets as the corresponding action/state in the abstract

model. For example, say actions are 1-dimensional and are chosen from the in-

terval [0, 2], in our abstract model we may represent the action space by the set:

{0, 0.5, 1, 1.5, 2}.

Definition 2.2. Let R ⊆ X × S. We call it the state-relation if for each concrete

state x associated with abstract state s, we have (x, s) ∈ R.

This definition allows us to associate concrete states with the abstract states

that represent them and vice versa.

Remark 2.3. To distinguish between abstract and concrete objects, we will some-

times use the superscripts/subscripts “c” and “a” respectively, e.g. Mc and Ma for

a concrete and an abstract model. Further, we use the MDP notation from before

for concrete models, and use S as our discrete set of abstract states, s̄ as our initial

distribution and A as our discrete set of abstract actions.

2.3 Policies

We define policies µ as controllers that given a state produce an action to perform.

We only focus on memoryless policies, which are policies that possess the Markov

property. The main approach of abstraction based methods is to find a good policy

for the abstract model and then refine it into a policy for the concrete model, such

as in Figure 2. We now define execution traces.

Definition 2.4. For a model M, define M(x, u) to be the state we reach when we

invoke action u from state x. Note that this can be probabilistic, so M(x, u) is drawn
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from the transition kernel of M.

Given modelM, initial state x and policy µ, we define states0 = x and statesk+1 =

M(statesk, µ(statesk)). We then define states =
⋃

0≤k{statesk}.

Similarly, we define actionsk to be the action u used to generate statesk and

actions to be the union.

2.4 Reach-Avoid Specifications

Definition 2.5. A reach-avoid specification is a tuple φ = (XT , XU , h) where XT is

a set of target states, XU is a set of unsafe states, XT ∩XU = ∅ and h ∈ N ∪ {∞}

is the horizon.

Satisfying a reach-avoid specification means synthesizing a policy that will reach

a member of XT without ever entering a member of XU and do so in ≤ h steps from

the initial state.

Definition 2.6. Given a concrete model and an abstract model that partitions both

the action and state spaces, we first define φc = (XT , XU , h) such that XT , XU ⊆ X.

We then define φa = (ST , SU , h) as

SU ={s ∈ S|∃x ∈ X.x ∈ XU ∧R(x, s)}

ST ={s ∈ S|∀x ∈ X.R(x, s) =⇒ x ∈ XT}

where R is a state-relation from Definition 2.2 between the concrete and abstract

states. We note that in order to preserve soundness, we over-approximate critical

regions and under-approximate goal regions, like in Figure 3. We refer to the tuple

(φa, φc) as the concrete-abstract reach-avoid pair.

We now define a relation between the reach-avoid specifications from above.

12



Definition 2.7.

(ST , SU) ≡R (XT , XU) ⇐⇒ ∀(x, s) ∈ R,1XT
(x) = 1ST

(s) ∧ 1XU
(x) = 1SU

(s)

(ST , SU) ⪯R (XT , XU) ⇐⇒ ∀(x, s) ∈ R,1XT
(x) ≥ 1ST

(s) ∧ 1XU
(x) ≤ 1SU

(s)

The second relation enforces that our abstraction under-approximates the goal

region and over-approximates the critical region.

Lemma 2.8. Given a concrete reach-avoid specification φc = (XT , XU , h) and a

state-relation R, if we build φa = (ST , SU , h) as in Definition 2.6, then (ST , SU) ⪯R

(XT , XU).

Proof. ∀x ∈ XU ,R(x) = s ∈ SU by Definition 2.6 and thus ∀(x, s) ∈ R,1XU
(x) ≤

1SU
(s).

∀s ∈ ST , ∀x ∈ R−1(s), x ∈ XT by Definition 2.6 and thus ∀(x, s) ∈ R,1XT
(x) ≥

1ST
(s) ∧ 1XU

(x) ≤ 1SU
(s).

We now define the satisfaction probability a model with a policy has with respect

to some reach-avoid problem.

Definition 2.9. Given modelM, policy µ and reach-avoid specification φ = (XT , XU , h),

denote by PM
µ (x ⊨ ¬XUU

≤hXT ) the probability that from state x we will eventually

reach a state in XT in ≤ h steps by using µ in each step, and before then we will

not enter a state in XU .

If M is an IMDP, we can also parametrise this by one of distributions its inter-

vals can contain: PM
µ,P (·,·)(x ⊨ ¬XUU

≤hXT ).

This notation is often seen in linear temporal logic over finite traces [28].

2.5 Formal Problem Statement

We now formally define the problem we wish to tackle in this project.
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Problem 1. Given a concrete MDP Mc, synthesise a concrete policy µc that satis-

fies a known concrete reach-avoid specification φc = (XT , XU , h) with at least some

derived probability, while also trying to maximise/minimise some cost function C.

Essentially, find µc and ϵ ∈ [0, 1] such that PMc

µc (x ⊨ ¬XUU
≤hXT ) ≥ ϵ and µc

maximises/minimises C.

Ideally, we want to maximise ϵ and also perform well with respect to the cost

function. For example, minimise the magnitude of the actions produced by µc.

2.6 Interval Markov Decision Processes

We want to construct a finite abstract model to approximate the continuous domain.

By Definition 2.1, MDPS require precise transition probabilities. This is not suffi-

cient when our abstraction lumps sets of continuous states into single discrete states.

Instead we need MDPs whose transition functions return sets of probabilities. Pre-

cisely, we work with discrete interval Markov decision processes (IMDPs). These let

us approximate the behaviour from an abstract state that represents many concrete

states or we are uncertain of the true MDP that represents a system because we

have used sampling-based methods.

Definition 2.10. An IMDP M is a tuple ⟨X, x̄,U, Ť, T̂,L, h⟩. Here X, x̄,U,L, h are

identical as in Definition 2.1, where specifically X and U are both finite discrete sets.

Together, Ť and T̂ define an interval for each transition. T̂, Ť : X× U → 2∆(X) and

we enforce that ∀x ∈ X,∀u ∈ U,∀x′ ∈ X, 0 ≤ Ť(x, u)(x′) ≤ T̂(x, u)(x′) ≤ 1.

Therefore, when considering next states, we have the following range of possible

probabilities that can be realised in the IMDP:

Ť(x, u)(x′) ≤ P(x′|x, u) ≤ T̂(x, u)(x′)

A single IMDP represents a set of possible MDPs that all have the same state
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and action spaces and different transition kernels, each captured in the intervals of

the IMDP.

Definition 2.11. We denote by P(s, a) ⊆ 2∆(S) to be the set of possible transition

kernels from state s ∈ S and action a ∈ A that could possibly be represented by the

IMDP’s intervals.

2.7 Interface Functions

As shown in Figure 2 we need to be able to refine abstract polices into concrete

policies. We do this via the use of interface functions.

The classical definition for an interface function is F : X × A → U. Given a

concrete state and an abstract action, it returns a concrete action that we should

execute on our concrete system to have the desired effect. This works well since our

abstraction forms a partition on both the state and action spaces of the concrete

model.

To refine an abstract policy, we find what abstract state our current concrete

state corresponds to. We then ask the abstract policy what abstract action we

should invoke. We feed this and the concrete state to the interface function in order

to get our concrete action.

2.8 Lifted Relations

Our state-relation from Definition 2.2 is not sufficient when we begin to reason about

transitioning over states. This is because our transition functions are probabilistic

and therefore produce a distribution over the state space. Therefore, we need to lift

our relation to distributions over the states.

We take the following definition from [12]:
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Definition 2.12. Let R ⊆ X × Y be a binary relation. We call the relation RP ⊆

P(X)×P(Y) the lifting of R if ∀(γ, ϕ) ∈ RP , there exists a distribution W over the

joint probability space X× Y that satisfies:

1. ∀X ∈ X,W(X,Y) = γ(X)

2. ∀Y ∈ Y,W(X, Y ) = ϕ(Y )

3. W(R) = 1

Essentially, we relate two distributions if there is another distribution over their

product space that can recover their marginals and satisfies W(R) = 1.

2.9 PSRs and PASRs

A Probabilistic Simulation Relation (PSR) is a relation between an abstract and a

concrete MDP that if satisfied, ensures that the satisfaction probability an abstract

policy has (with respect to the goal) lower-bounds the satisfaction probability for

the resulting refined concrete policy. Below we adapt the definition from [12] to

include interface functions.

Let Mc and Ma be two MDPs, a concrete and an abstract model respectively,

R ⊆ X×S a strict, single-valued binary relation and F an interface function. Recall

from Definition 2.1 that s̄ and x̄ are the distributions on the initial states for the

MDPs.

Definition 2.13. If Ma, Mc, R,F satisfy:

1. (x̄, s̄) ∈ RP

2. ∀(x, s) ∈ R, hc(x) = ha(s)

3. ∀(x, s) ∈ R,∀a ∈ A it holds that (Tc(x,F(x, a)), Ta(s, a)) ∈ RP
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then we say that Ma ⪯R Mc where RP is the lifting of R from Definition 2.12.

Note that this relation is dependent on F ’s definition.

In [13], the following satisfaction guarantee theorem is proved.

Theorem 2.14. Let (φc, φa) be a concrete-abstract reach-avoid pair as specified in

Definition 2.6, meaning Lemma 2.8 applies. If for concrete model Mc (MDP),

abstract model Ma (MDP), state-relation R and interface function F , we have

Ma ⪯R Mc then for all abstract policies µa and the refined policy µc that is derived

via the use of F , we have that ∀(x, s) ∈ R, PMa

µa (s ⊨ ¬SUU
≤hST ) ≤ PMc

µc (x ⊨

¬XUU
≤hXT ).

For related states, any satisfaction guarantee we find on our abstract model lower-

bounds the satisfaction guarantee we get on our concrete model when we refine the

policy. This is the crucial result that allows us to work on the finite abstraction

model and still provide guarantees on the concrete system.

This is further extended in [13] to accommodate the uncertainty produced by the

transition intervals of IMDPs, introducing the probabilistic alternating simulation

relation (PASR). Let Mc still be an MDP, but now allow Ma to be an IMDP.

Definition 2.15. If Ma, Mc, R,F satisfy:

1. (x̄, s̄) ∈ RP

2. ∀(x, s) ∈ R, hc(x) = ha(s)

3. ∀(x, s) ∈ R,∀a ∈ A, ∃Ta(s, a) ∈ P(s, a) such that

(Tc(x,F(x, a)), Ta(s, a)) ∈ RP

then we say that Ma ⪯alt Mc where RP is the lifting of R from Definition 2.12

and P(s, a) induced by the IMDP Ma from Definition 2.11. Note that this relation

is dependent on F ’s definition.
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In both [12] and [13], equivalent versions of this definition are then used to prove

the following satisfaction guarantee theorem.

Theorem 2.16. Let (φc, φa) be a concrete-abstract reach-avoid pair as specified in

Definition 2.6, meaning Lemma 2.8 applies. If for concrete model Mc (MDP),

abstract model Ma (IMDP), state-relation R and interface function F , we have

Ma ⪯alt Mc then for all abstract policies µa and the refined policy µc that is derived

via the use of F , we have that ∀(x, s) ∈ R, PMa

µa (s ⊨ ¬SUU
≤hST ) ≤ PMc

µc (x ⊨

¬XUU
≤hXT ).

This essentially extends Theorem 2.14 to where the abstract model is an IMDP.

In the next chapter, we look to extend this result to our new continuous permissive

policies.
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3 Permissive Balls and their Guarantees

We now present our framework and how we derive permissive policies that give

strong satisfaction guarantees and allow an online controller to optimise for a sec-

ondary objective. We start by presenting our new policies and a new model relation.

We then prove that our relation gives strong satisfaction guarantees.

3.1 A Permissive Policy

Given a state, a permissive policy produces a set of actions. Crucially, a robust

permissive policy gives a satisfaction guarantee that holds no matter which actions

we choose.

We could make the abstract policy permissive and thus return a discrete set of

actions. We would then refine this into a permissive concrete policy via a standard

interface function. The recent paper [22] shows a method that allows us to generate

these robust discrete permissive policies for IMDPs of the form µa → S× 2A. This

method relies on solving very large mixed-integer linear program (MILP). This only

augments the abstract policy and its synthesis and so we can lift the definition and

safety guarantees given to us by PASRs.

It is known that solving MILPs is NP-hard and thus this approach scales poorly.

Further, since the permissive layer is discrete, we give up some fine-grained control

that would let us better optimise for secondary objectives. It is for these reasons we

decided not to pursue discrete permissive policies.

Instead we opted for our own novel method where we find a robust continuous

permissive policy. This continuous layer of permissiveness provides a finer level of

control, and allows us to avoid solving a large MILP. Our approach is: we define an

interface function that given a concrete state and an abstract action, returns a set

of continuous actions (F : X× A → 2U) and then we synthesize a discrete abstract
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policy for our IMDP as normal (µa : S → A). It is then up to us to choose an action

from this set during execution, thus refining our policy (µc : X → U). In the rest of

this section we formalize this approach and prove the robust safety guarantees.

3.2 Defining our Interface Function

We now define an interface function that returns a set - it is then up to us how we

resolve the non-determinism at runtime by choosing an action from within this set.

We do not need to include the associated s ∈ S as an argument to the interface

function as since S acts as a partition on X, each x ∈ X is associated with exactly

one member of S.

Definition 3.1. We associate each abstract action with a unique centre in the con-

tinuous action space, given by C : A → U such that C(a) = C(a′) =⇒ a = a′. We

define our interface function by:

F(x, a) = {u ∈ U : |C(a)− u| ≤ g(x, a)} ∩ U

where g(x, a) is a vector of the same dimension as elements in U and here ≤

is an element-wise comparison. This set essentially defines a “ball” around the

centre C(a) of continuous actions that we allow in the concrete state x with abstract

action a.

Note that by allowing each element of g(x, a) to be different allows different

amounts of slack for the different dimensions of the action space. Lastly, we enforce

F(x, a) ̸= ∅ whenever a is allowed in abstract state s ∈ S and x is associated with

s in the partition.
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3.3 PASR-Ball

Taking inspiration from the PASR definition in [13], we define the following new

relation to capture the non-determinism of choosing the concrete action from our

permissive policies.

Definition 3.2. Let Mc be a continuous MDP, Ma be a discrete IMDP, F : X ×

A → 2U a set-valued interface function and R ⊆ X×S a set-relation. If they satisfy:

1. (x̄, s̄) ∈ RP (relate initial states)

2. ∀(x, s) ∈ R, ha(x) ⊆ hc(s) (related states share same labels)

3. ∀(x, s) ∈ R, ∀a ∈ A, ∀u ∈ F(x, a), ∃P (s, a) ∈ P(s, a) s.t. (T (x, u), P (s, a)) ∈

RP (relate next states)

where RP from Definition 2.12 and P(s, a) is from Definition 2.11, then we say

that Ma ⪯alt−b Mc.

We essentially modify the 3rd condition of PASR to handle our set interface

functions. Intuitively, this allows Ma to simulate Mc as they have related initial

distributions, their related states have the same labels and their transition functions

are related. The reason we just need to find any P (s, a) ∈ P(s, a) is because

Ma is an IMDP, so one of the MDPs that it is representing must be the abstract

approximation of Ma.

3.4 Abstraction Satisfaction Guarantees for Finite Horizon

We now show that satisfying the PASR-Ball relation allows us to get useful lower

bound guarantees as with the PSR and PASR conditions.

For ease of notation, (x, s) ∈ R ⇐⇒ s = R(x) ⇐⇒ x ∈ R−1(s) as we map

each state of X to one state in S in the partition, but potentially many states of X to

21



the same state in S. When we obtain µa via policy synthesis on Ma, we define the

concrete policy as µc ∈ F(x, µa(R(x))), taking any value in this set. Given models

that satisfy Ma ⪯alt−b Mc, we want to prove that for concrete-abstract reach-avoid

pair (φc, φa) = ((XT , XU , h), (ST , SU , h)), the satisfaction guarantee that µa has on

φa lower-bounds the guarantee µc has on φc no matter how we resolve the non-

determinism from the set. We define XS = X \ (XT ∪XU) and SS = S \ (ST ∪XU)

to represent states that are not goals and are not critical states.

We denote the worst-case satisfaction probabilities of the reach-avoid specifi-

cation with k steps taken for Mc and Ma at states x and s by Vµc

k (x) and Wµa

k (s)

respectively, where µc and µa are the concrete and abstract policies.

Using Definition 2.9, we arrive at the following two equalities:

Definition 3.3.

Vµc

0 (x) = min
µc

PMc

µc (x ⊨ ¬XUU
≤hXT )

Wµa

0 (s) = min
P (·,·)∈P(·,·)

PMa

µa,P (·,·)(s ⊨ ¬SUU
≤hST )

We minimise above to get the worst-case as since our abstract model is an IMDP,

our guarantees must be ready for the worst possible underlying distribution, as well

as choosing the worst action from the sets our policy returns. Both these quantities

have dynamic programming interpretations:

Vµc

k (x) =


1XT

(x) if k = h

1XT
(x) + 1XS

(x) min
u∈F(x,µa(R(x)))

∫
v∈X V

µc

k+1(v) · T (x, u)(dv) for k < h

Wµa

k (s) =


1ST

(s) if k = h

1ST
(s) + 1SS

(s) min
P (s,µa(s))∈P(s,µa(s))

∑
s′∈SW

µa

k+1(s) · P (s, µa(s))(s′) for k < h

Theorem 3.4. if (ST , SU) ≡R (XT , XU) then ∀(x, s) ∈ R, 0 ≤ k ≤ h,Vµc

k (x) ≥

22



Wµa

k (s).

Proof. We do this inductively with respect to the number of steps we have before

we reach our horizon, h.

Base Case: k = h. By definition, Vµc

h (x) = 1XT
(x) and Wµa

h (s) = 1ST
(s).

Since (by the definition of ≡R above) ∀(x, s) ∈ R,1XT
(x) = 1ST

(s) then trivially

∀(x, s) ∈ R,Vµc

h (x) = Wµa

h (s).

Inductive Step: Our inductive hypothesis is that assuming that (ST , SU) ≡R

(XT , XU) and that (x, s) ∈ R we have that Vµc

k+1(x) ≥ Wµa

k+1(s).

By definition we have:

Vµc

k (x) = 1XT
(x) + 1XS

(x) min
u∈F(x,µa(R(x)))

∫
v∈X

Vµc

k+1(v) · T (x, u)(dv)

We note that each x ∈ X is associated with exactly one s ∈ S, namely R(x). In

fact, due to the partition that S imposes on X, we can split X into sets R−1(s) for

s ∈ S. Therefore, the above is equivalent to:

Vµc

k (x) = 1XT
(x) + 1XS

(x) min
u∈F(x,µa(R(x)))

∑
s′∈S

∫
v∈R−1(s′)

Vµc

k+1(v) · T (x, u)(dv)

Vµc

k (x) ≥ 1XT
(x) + 1XS

(x) min
u∈F(x,µa(R(x)))

∑
s′∈S

∫
v∈R−1(s′)

Wµa

k+1(s
′) · T (x, u)(dv)

Vµc

k (x) ≥ 1XT
(x) + 1XS

(x) min
u∈F(x,µa(R(x)))

∑
s′∈S

Wµa

k+1(s
′)

∫
v∈R−1(s′)

T (x, u)(dv)

where the inequality comes from applying the inductive hypothesis - trivially if

v ∈ R−1(s′) then (v, s′) ∈ R.

By the 3rd condition of PASR-Ball, since u ∈ F(x, µa(R(x))) =⇒ ∃P ′(R(x), µa(R(x)) ∈

P(R(x), µa(R(x)) such that (T (x, u), P ′(R(x), µa(R(x))) ∈ RP . Therefore, since we

are integrating over all v ∈ R−1(s′), and T (x, u) and P ′(R(x), µa(R(x)) are related

under RP we have that
∫
v∈R−1(s′)

T (x, u)(dv) = P ′(R(x), µa(R(x))(s′), giving us:
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Vµc

k (x) ≥ 1XT
(x) + 1XS

(x)
∑
s′∈S

Wµa

k+1(s
′)P ′(R(x), µa(R(x))(s′)

We dropped the minimisation over u as it is no longer mentioned. However,

trivially we can minimize over these distributions and maintain the inequality:

Vµc

k (x) ≥ 1XT
(x) + 1XS

(x) min
P (R(x),µa(s))∈P(s,µa(s))

∑
s′∈S

Wµa

k+1(s
′)P (R(x), µa(R(x))(s′)

Since (x, s) ∈ R, s = R(x):

Vµc

k (x) ≥ 1XT
(x) + 1XS

(x) min
P (s,µa(s))∈P(s,µa(s))

∑
s′∈S

Wµa

k+1(s
′)P (R(x), µa(s)(s′)

By subtracting Wµa

k (s) from both sides, and using its definition we arrive at:

Vµc

k (x)−Wµa

k (s) ≥

(1XT
(x)− 1ST

(s))+

(1XS
(x)− 1SS

(s))

[
min

P (s,µa
k(s))∈P(s,µa

k(s))

∑
s′∈S

Wµa

k+1(s
′)P (R(x), µa

k(R(x))(s′))

]

Since (ST , SU) ≡R (XT , XU), ∀(x, s) ∈ R we have that 1XT
(x) = 1ST

(s) and

1XU
(x) = 1SU

(s) by Definition 2.7. From this and the definitions of XS and SS we

find that 1XS
(x) = 1SS

(s) whenever (ST , SU) ≡R (XT , XU) and thus:

Vµc

k (x)−Wµa

k (s) ≥ 0

Therefore this carries inductively for all 0 ≤ k ≤ h.

This result assumes that R(XT ) = ST and R(XU) = SU , meaning that our
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abstraction must be fine enough such that goal and critical regions are mapped

exactly. We can relax this constraint to (ST , SU) ⪯R (XT , XU), which is often much

easier to enforce in practice.

Theorem 3.5. if (ST , SU) ⪯R (XT , XU) then ∀(x, s) ∈ R, 0 ≤ k ≤ h,Vµc

k (x) ≥

Wµa

k (s).

Proof. We also prove this inductively.

Base Case: k = h. Similar to before, we find that Vµc

h (x) = 1XT
(x) and

Wµa

h (s) = 1ST
(s). By Definition 2.7, for (x, s) ∈ R,1XT

(x) ≥ 1ST
(s) and thus

Vµc

h (x) ≥ Wµa

h (s).

Inductive Step: Our inductive hypothesis is that assuming (ST , SU) ⪯R (XT , XU)

and (x, s) ∈ R we have Vµc

k+1(x) ≥ Wµa

k+1(s).

Following identical logic to the proof of Theorem 3.4, we arrive at the following

line:

Vµc

k (x)−Wµa

k (s) ≥

(1XT
(x)− 1ST

(s))+

(1XS
(x)− 1SS

(s))

[
min

P (s,µa
k(s))∈P(s,µa

k(s))

∑
s′∈S

Wµa

k+1(s
′)P (R(x), µa

k(R(x))(s′))

]

We note that if s ∈ ST then x ∈ XT (as we under-approximate goal regions) but

not necessarily vice versa. Therefore, ∀(x, s) ∈ R,1XT
(x) ≥ 1ST

(s), and thus the

first term on the RHS is always non-negative.

We reason about the second term in a case by case basis. Since our abstrac-

tion over-approximates the avoid states and under-approximates the goal states, we

cannot necessarily say anything concrete about the relationship between 1XS
and

1SS
.

If 1XS
(x) = 1SS

(s), then the second term becomes 0 and we are done.
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If 1XS
(x) > 1SS

(s), then the second term is trivially ≥ 0, and we are done.

If 1XS
(x) < 1SS

(s) then x ∈ XT ∪ XU and s /∈ ST ∪ SU . We remember that

XT ∩ XU = ∅ and also that Vµc

k (x),Wµa

k (s) ∈ [0, 1]. If x ∈ XT , then Vµc

k (x) = 1

and trivially Vµc

k (x) ≥ Wµa

k (s). Say that x ∈ XU . This means that 1XU
(x) = 1,

but since 1SU
(s) ≥ 1XU

(x) this implies that 1SU
(s) = 1. This in turn implies that

1XS
(x) = 1SS

(s) = 0 and so the right term is also 0. In all cases we arrive at the

following:

∀(x, s) ∈ R,Vµc

k (x) ≥ Wµa

k (s)

Therefore this carries inductively for all 0 ≤ k ≤ h.

We extend this result to distributions over related states. When working with

probability distributions and satisfaction probabilities, we care about the expected

satisfaction probability. For distributions over states x̄ and s̄, denote Vµc

k (x̄) =

Ex̄[Vµc

k ] and Wµa

k (s̄) = Es̄[Wµa

k ]

Corollary 3.6. if (ST , SU) ⪯R (XT , XU) then ∀(x̄, s̄) ∈ RP , 0 ≤ k ≤ h,Vµc

k (x̄) ≥

Wµa

k (s̄).

Proof. By the definition of RP , there is some W fulfils Definition 2.12 for x̄ and s̄.

Ex̄[Vµc

k ] =

∫
x∈X

x̄(x)Vµc

k (x)dx

=

∫
x∈X

W(x, S)Vµc

k (x)dx

The first equality comes from the definition of expectation and the second from the

first condition of RP . From the third point in the definition of RP , we have that
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W(R) = 1. Therefore, W(x, s) > 0 ⇐⇒ (x, s) ∈ R. So, we get the following:

∫
x∈X

W(x, S)Vµc

k (x)dx =

∫
(x,s)∈R

W(x, s)Vµc

k (x)dx

≥
∫
(x,s)∈R

W(x, s)Wµa

k (s)dx

where the inequality comes from Theorem 3.5. Following similar logic, we complete

the proof:

∫
(x,s)∈R

W(x, s)Wµa

k (s)dx =
∑
s∈S

∫
(x,s)∈R

W(x, s)Wµa

k (s)dx

=
∑
s∈S

W(X, s)Wµa

k (s)

=
∑
s∈S

s̄(s)Wµa

k (s)

= Es̄[Wµa

k (s)]

We now extend Definition 3.3 to distributions over initial states.

Definition 3.7. Let models Ma and Mc have initial state distributions s̄ and x̄

respectively and let Ma ⪯alt−b Mc for some PASR-Ball R and interface function

F , and for any µa, we draw µc(x) from the set F(R(x), µa(R(x))).

Vµc

0 (x̄) =
∑
x∈X

x̄(x)min
µc

PMc

µc (x ⊨ ¬XUU
≤hXT )

Wµa

0 (s̄) =
∑
s∈S

s̄(s) min
P (·,·)∈P(·,·)

PMa

µa,P (·,·)(s ⊨ ¬SUU
≤hST )

We now use this definition with the previous theorem to get the following safety

guarantee result over finite horizons:

Theorem 3.8. Given a concrete reach-avoid problem φc = (XT , XU , h), concrete
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continuous MDP Mc, abstract discrete IMDP Ma, relation R and set-based in-

terface function F such that Ma ⪯alt−b Mc, for all abstract policies µa we have

that:

∑
s∈S

s̄(s) min
P (·,·)∈P(·,·)

PMa

µa,P (·,·)(s ⊨ ¬SUU
≤hST ) ≤

∑
x∈X

x̄(x)min
µc

PMc

µc (x ⊨ ¬XUU
≤hXT )

where µc is the concrete policy we obtain via refinement and SU , ST are found

through the process in Definition 2.7.

Proof. We use R to find φa = (ST , SU , h) and from Lemma 2.8 we know that

(ST , SU) ⪯R (XT , XU).

Using this, and given that R relates our concrete model and its abstraction, we

have that (x̄, s̄) ∈ RP .

From Corollary 3.6, we find that 0 ≤ k ≤ h,Vµc

k (x̄) ≥ Wµa

k (s̄). Thus, setting

k = 0 concludes the proof.

This theorem states that if we minimise the satisfaction probability for the reach-

avoid problem in the abstract model by minimising over the transition kernels that

the IMDP can possess, then it lower-bounds the satisfaction probability of the

concrete model if we were to choose the worst action possible at each state.

Therefore, the PASR-Ball conditions give us strong satisfaction guarantees be-

tween the abstract and concrete models, meaning we can safely refine our abstract

policies and use them on the concrete models for finite horizon reach-avoid problems.
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3.5 Abstraction Satisfaction Guarantees for Infinite Hori-

zon

We extend our results to the infinite horizon case. Denote Vµc

∗ (x) = lim
h→∞

Vµc

0 (x) and

Wµa

∗ (s) = lim
h→∞

Wµa

0 (s).

Lemma 3.9. Vµc

∗ (x) and Wµa

∗ (s) are both well-defined.

Proof. We remember that Vµc

∗ (x) ∈ [0, 1].

We now show that Vµc

h (x) is monotonic in h i.e. for all 0 ≤ k < h we have that:

Vµc

k (x) ≥ Vµc

k+1(x)

We show this by a simple event-inclusion argument. Vµc

k+1(x) = worst-case prob-

ability that we satisfy the reach-avoid specification from state x in ≤ h−k−1 steps.

Call this event Ax
h−k−1.

We note that Vµc

k (x) is the worst case probability of event Ax
h−k happening.

Ax
h−k = Ax

h−k−1∪{satisfy reach-avoid problem from x in exactly h− k steps} = Ax
h−k−1∪

Bx
h−k. We see that:

Vµc

k (x) = min
µc

P(Ax
h−k−1 ∪Bx

h−k)

= min
µc

[P(Ax
h−k−1) + P(Bx

h−k)]

≥ min
µc

[P(Ax
h−k−1)]

= Vµc

k+1(x)

The first and last equalities come from the definitions above. The second equality

comes from being able to sum the probability of the union of disjoint events. The

inequality comes from all probabilities being non-negative.
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Therefore, since Vµc

∗ (x) is bounded from above and Vµc

k (x) is monotonically in-

creasing as k decreases, as we send h → ∞, Vµc

0 (x) approaches a well-defined limit.

Identical reasoning can be used to show that Wµa

∗ (s) is also well-defined.

Corollary 3.10. if (ST , SU) ⪯R (XT , XU) then ∀(x̄, s̄) ∈ RP ,Vµc

∗ (x̄) ≥ Wµa

∗ (s̄).

Proof. Let’s assume for a contradiction that Vµc

∗ (x̄) < Wµa

∗ (s̄). Very simply, for this

to be true, then ∃h′ ∈ N such that Vµc

0 (x̄) < Wµa

0 (s̄). However, this contradicts

Corollary 3.6 as we found that if (ST , SU) ⪯R (XT , XU) then ∀(x̄, s̄) ∈ RP , 0 ≤ k ≤

h,Vµc

k (x̄) ≥ Wµa

k (s̄). Crucially, this is independent of h and works for all k in the

given range. Further, due to Lemma 3.9 we know that as h → ∞ then these values

converge nicely, meaning that we are free to apply Corollary 3.6. Therefore, this

theorem applies for h = h′ and k = 0.

Therefore, by contradiction there is no h′ that makes our assumption true and

therefore Vµc

∗ (x̄) ≥ Wµa

∗ (s̄).

Theorem 3.11. Given a concrete reach-avoid problem φc = (XT , XU ,∞), concrete

continuous MDP Mc, abstract discrete IMDP Ma, relation R and set-based in-

terface function F such that Ma ⪯alt−b Mc, for all abstract policies µa we have

that:

∑
s∈S

s̄(s) min
P (·,·)∈P(·,·)

PMa

µa,P (·,·)(s ⊨ ¬SUU
≤∞ST ) ≤

∑
x∈X

x̄(x)min
µc

PMc

µc (x ⊨ ¬XUU
≤∞XT )

where µc is the concrete policy we obtain via refinemen and SU , ST are found

through the process in Definition 2.7.

Proof. This proof is identical to that of Theorem 3.8 making use of Corollary 3.10

instead of Corollary 3.6.

This is the main satisfaction guarantee contribution and what we will use in our

experiments.
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4 Reinforcement Learning and Creating Permis-

siveness

We now examine how we implement our novel framework. We go into detail on the

different ways in which we construct our continuous action sets and we explore how

we navigate these sets using reinforcement learning.

4.1 Abstraction Generation

We need to ensure our IMDP abstraction satisfies the PASR-Ball. To construct the

state and actions partitions we split our spaces into uniformly sized hyperrectangles

and ensure we over-approximate critical regions and under-approximate goal regions

exactly as we did in Definition 2.7.

We define ha(s) =
⋃

x∈R−1(s)

hc(x) and s̄(s) =
∑

x∈R−1(s)

x̄(x). Finally, we define our

probability intervals as

P (s, a)(s′) =

[
min

x∈R−1(s)
min

u∈F(x,a)
T (x, u)(R−1(s′)), max

x∈R−1(s)
max

u∈F(x,a)
T (x, u)(R−1(s′))

]

for ∀s, s′ ∈ S, a ∈ A, concrete transition kernel T and F an interface function.

Theorem 4.1. The above construction gives us an abstract model Ma such that

Ma ⪯alt−b Mc.

Proof. We must show that Definition 3.2 is satisfied. From their definitions, it is

easy to see that (x̄, s̄) ∈ RP , hence condition 1 holds.

Condition 2 trivially holds via the definition of ha as label containment follows

from this union that over-approximates labels.

For condition 3, we must show that there is some distribution in the interval

above that is related to T under RP . Let Z ⊆ X × S. For x̂ ∈ X, ŝ = R(x̂), â ∈
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A, û ∈ F(x̂, â), we define W(Z) = T (x̂, û)({x ∈ X|∃s ∈ S, (x, s) ∈ Z ∩R}).

We now show that W fulfils Definition 2.12. W(X,S) = T (x̂, û)({x ∈ X|∃s ∈

S, (x, s) ∈ (X × S) ∩R} = T (x̂, û)(X) which satisfies the first condition.

W(X, S) = T (x̂, û)({x ∈ X|∃s ∈ S, (x, s) ∈ (X×S)∩R} = T (x̂, û)(
⋃
s∈S

(R−1(s)).

Crucially, no matter how we choose x̂ and û, this still lies in our interval above, and

thus there is a distribution in that interval that makes W a lifting of R. This is the

second condition.

W(R) = T (x̂, û)(X) = 1 which is the third condition for RP . We have shown

that the 3rd condition of PASR-Ball is true and thus that Definition 3.2 holds,

where the third condition is true for some distribution without our interval specified

above.

Since we have shown that our abstraction satisfies the PASR-Ball relation, we

are safe to apply the satisfaction guarantee results from Theorem 3.11.

4.2 Ball Generation

As previously mentioned, we formulate our interface functions by taking a point in

the concrete action space as their centre, and then allow a perturbation. We recall

that we defined our interface functions to require some function g which given a

concrete state and an abstract action, returns a vector that defines how much slack

we allow in each dimension.

Recall from the previous subsection how we define our intervals during policy

synthesis for our abstract discrete IMDP model. When in a given abstract state s,

we must consider all concrete states x ∈ R−1(s) that are associated with it when we

perform the Bellman iterations to find the satisfaction probability and synthesise

the policy. Therefore, to honour these satisfaction guarantees, it is important that
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the following holds:

∀a ∈ A,∀x, x′ ∈ R−1(s), g(x, a) = g(x′, a)

This ensures that when we use the refined policy, we provide the same set of

actions to any concrete state as the set of actions we used to calculate the satisfac-

tion guarantees. Failure to do this would invalidate the guarantees policy synthesis

provides.

4.3 Dynamic Balls

In many scenarios, having g(x, a) be the same ∀x ∈ X, ∀a ∈ A allows for sufficient

optimisation with respect to the secondary objective. However, there are also in-

stances where g(x, a) should depend on x (or rather depend on R−1(x) to satisfy

the above) and a. Consider the scenario of steering a remote-control car. In regions

where we are far from obstacles, we can give the car larger action sets to choose from

as it is likely to still end up in a safe state. In regions near obstacles however, a large

action set will cause our satisfaction guarantee to plummet, as a larger proportion

of the action set could lead us into dangerous states.

It is more nuanced than just being near an obstacle. Satisfaction guarantees

plummet if we have a large action set that could cause us to hit an obstacle, miss a

goal region or leave the arena. Therefore, if any of these events are more likely in

some area than others, for a more navigation-focused task it makes sense to have

the action sets be dynamic.

Imagine our remote control car is right next to an obstacle, but the policy sug-

gests an action that takes it into a large safe area. We should still allow a larger

degree of freedom here as despite being near an obstacle, the action we are perturb-

ing takes us to a largely safe area. Therefore we adopt the following definition of g
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for these navigation based scenarios:

Definition 4.2. We refer to the following definition as arena aware projection.

g(x, a) = f(min(border(x, a), critical(x, a), goal(x, a)))

Here, border(x, a) is the minimum distance between the set of states

R−1(R(proj(x,C(a)))) and the borders of the arena. proj(x,C(a)) is the result-

ing concrete state we get when we simulate a step from state x, applying action

C(a), where C(a) is our translation to a concrete action that we previously defined.

We show this in Figure 4. We then apply R and R−1 to find the set of concrete

states that are associated with the same abstract state as our projection. We do

this because during policy synthesis, we group these states together, so to use our

satisfaction guarantees we must do the same when calculating these distances.

critical(x, a) and goal(x, a) are similarly defined but instead of borders we con-

sider the sets XU and XT from our reach-avoid specification. We refer to this as

being danger-aware. We essentially give more freedom when our projected state (i.e.

applying the policy action without perturbation) is far from borders, obstacles and

goals. When we use this, all that is left is to define f , which we will do in the next

chapter.

4.4 Secondary Objectives

We focus on three secondary objectives that we wish to optimise for while still

maintaining safety guarantees. In general, the cost functions can be parametrised

by almost anything. Here we refer back to Definition 2.4 and parametrise our cost

functions by states and actions.
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Figure 4: Calculation of distance to obstacle from R−1(R(proj(x,C(a)))).

4.4.1 Path Preference

This is Markovian and only really applicable in scenarios where our controllable

entity is exploring some state space, for example a remote control car navigating

an obstacle course. Path preference refers to wanting our entity to pass through a

certain region in the state space, for example wanting our remote control car to go

round the left-hand side of a given obstacle. We would need to pick actions that

perturb the original policy so that we coax it into the desired region.

Formally, we have a set of continuous states that we want to enter, Z. Our cost

function is
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C(states) =


0 if states ∩ Z = ∅

1 if states ∩ Z ̸= ∅

Here we wish to maximise our cost function.

4.4.2 Energy Efficiency

This is also Markovian. We measure energy by taking the sum of the magnitudes

of the actions used in a trace. We want to perturb the policy actions to reduce

this total, and use actions from the action space that are closer to the origin. For

example, given an action [1,2], we would prefer to perturb it to the action [0.8,1.4].

However, using less energy at each step may make it harder for us to reach goal

regions and may also cause us to have longer traces, and thus use more energy overall

- this is something we will need to balance. We look to minimise the following cost

function.

C(actions) =
∑
0≤k

||actionsk||2

4.4.3 Action Smoothness

This is non-Markovian and refers to smoothening out policies by making successive

actions closer to each other in the action space. Here, we look to reduce the Euclidean

distance between each action and its successor. We do this to avoid bang-bang

policies and get smoother execution traces. This is non-Markovian as our choice of

action from the set will depend heavily on the action we used in the previous step.

We look to minimise the following cost function.

C(actions) =
∑
0≤k

||actionsk+1 − actionsk||2
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4.5 Reinforcement Learning

We have shown that we are able to build an abstraction in the form of an IMDP,

perform policy synthesis on it, give the entity a choice of concrete actions at each

state and still maintain robust safety guarantees. We now need some sort of online

controller to decide how we choose from these action sets so that we optimise for

our secondary objective.

We have opted to make use of reinforcement learning agents. The workflow we

propose is as follows:

1. Build discrete IMDP abstraction and abstract reach-avoid specification.

2. Perform policy synthesis, using F to find the forward-reachable sets, on the

abstract model to obtain µa.

3. Using pre-defined rewards for our secondary objectives, train our reinforcement

learning agents.

4. Use a trained reinforcement learning agent with the refined policy during ex-

ecution.

There are many choices of reinforcement learning algorithm that we can use. We

opted to pursue the Soft Actor-Critic (SAC) algorithm for several reasons. SAC

was first proposed in [24] and then improved in [25], allowing it to self-tune its

temperature parameter, making it more robust.

SAC is an off-policy algorithm, meaning it learns by using a different policy from

the one it is currently improving. SAC not only looks to maximise reward, but also

looks to maximise entropy. This means if there are two policies it values equally,

then it is equally likely to use either.

It maintains both a policy which it is looking to improve - this is what gets used

when we employ the trained agent - and also two critics. These are the internal
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Q-functions. We use two critics to make our updates more stable. They represent

learned functions and at each update step we make use of the lower of the two -

this reduces the chance of over-estimation bias due to noisy inputs. SAC also makes

use of a replay buffer where it stores tuples of the form (state, action, reward, new

state) that it experiences, so it can sample them later.

SAC is considered by many to be industry standard, due to its stability, ability

to handle complex state spaces and its sample efficiency (the latter helps speed up

our workflow). Crucially, SAC is designed to handle a continuous state and action

space, which is exactly our use case, since the concrete state space is continuous,

and so are the action sets that we are letting it choose from.

4.6 Changing Action Space

One challenge we need to deal with is the action space that the reinforcement learn-

ing agent has access to. At each concrete state x, we find a = µa(R(x)) and want

the agent to choose an action from the set F(x, a). Trivially, the set of admissible

actions can change at every state. SAC doesn’t natively support this, and most

implementations assume the action space is fixed.

To overcome this, we always set its action space to be vectors of dimension

dim(U) with each component yi such that −1 ≤ yi ≤ 1. We then map these onto

the set F(x, a) as follows: we start from the centre C(a) taken from Definition 3.1.

Then, we project the action the agent proposes onto the vector space with minimum

vector of C(a)− g(x, a) and maximum vector of C(a) + g(x, a), doing comparisons

element-wise. We then clip the result to satisfy umin ≤ u ≤ umax. For example, if

the agent suggests the action at the origin, we would use the action C(a), and if they

suggested the action of all 1s, we would use element-wise-max(C(a)+ g(x, a), umax).

This allows the agent to control each element in its proposed action and appear

as if its action space is constant. This is essentially interpreting F(x, a) as a centre
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that we can perturb, instead of a set of nearby actions. These interpretations are

equivalent.

4.7 Rewards and State

At each step, we need to provide the agent with some state. We provide it with

a tuple that contains the current concrete state and C(a) from Definition 3.1. We

provide it with C(a) to give it the context of the action it is perturbing. In the case

of a non-Markovian objective, we also need to provide something from at least the

previous step. For action smoothness, we include the previous action.

We now focus on the different rewards that we used. Often times we square the

result to encourage improvement when we are really far away from the origin.

1. For energy efficiency, we use −(|action| · (1, ..., 1))2

2. For action smoothness, we use −(|action− prev action| · (1, ..., 1))2

3. For path preference, we use −(distance to target region)2/25

The agent is trying to maximise its reward. Intuitively, for energy efficiency, we

reward actions closer to the origin. For action smoothness, we reward actions that

are close to the previous action. For path preference we reward getting closer to a

desired region (we divide by 25 as SAC is sensitive to reward magnitudes).

4.8 Initialisation

This type of reinforcement learning, where an agent modifies a pre-existing policy

(via perturbations in our case) is known as residual reinforcement learning. We want

to avoid the agent making the underlying policy (use C(a) everywhere) worse. In

[29] and [30], they recommend initialising the last layer of our network to be all 0s.

We do this for the actor network, as this is the one that encodes the agent’s policy.
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5 Experiments

Here we detail the results we achieved. We ran several tests on a variety of bench-

marks. We achieved robust satisfaction guarantees, and then ran Monte Carlo simu-

lations to examine the empirical satisfaction as well as quantify how well our policies

did on the secondary objectives.

5.1 Set Up

We generate a policy for both the current method (policy is not permissive) and our

new permissive method. For the latter, we specify our interface function by choosing

some problem specific g (from Definition 3.1) for each benchmark. We then construct

our IMDP by partitioning the state and abstract spaces in the standard way, and

perform policy iteration to synthesise the two policies. For our new method, we then

train a reinforcement learning agent with the reward corresponding to the chosen

secondary objective.

As mentioned before, we are using the SAC algorithm and in particular the

Stable-Baselines3 implementation[31]. Both our critic networks and our actor net-

work are made up of 2 layers of 256 neurons. They start with an entropy coefficient

of 0.1 and adjust it themselves over time. The networks will allow for 20,000 tran-

sitions to take place (with actions being sampled randomly) and be stored in the

replay buffer before any gradient updates take place. This helps to stabilise training

by giving the agent some initial context. The agents then train for a further 80,000

steps.

We then run 1000 Monte Carlo simulations for both the current method and our

new permissive policy method. For both, we use the policies provided, making use

of the reinforcement learning agent to choose a member of the sets of continuous

actions available to us at each step (projecting its proposed action onto the set). We
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then track the empirical satisfaction by checking how many of the 1000 executions

reach a goal state, and track the secondary objective score by monitoring its results;

both an average score per step and cumulative score for the whole trace.

5.2 Benchmarks

We tested four different benchmarks. Each benchmark is noisy in the sense that

given a state and some action, there is a known level of uncertainty around what

the resulting state is. This is taken into account when synthesising the policies.

Each benchmark is considered to be an infinite-horizon, and thus we make use of

Theorem 3.11 when we derive our satisfaction guarantees.

Something worth noting is that introducing the balls can make the policies pro-

duced more conservative. This can cause our entity to avoid obstacles by larger

margins and potentially have longer execution traces as a result. This is a trade off

that we will need to balance.

5.2.1 Dubins Car

We have a state space of dimension three, consisting of the x-position, y-position

and the angle the car is facing. The action space is two dimensional, consisting of a

force from [−3, 3] and an angle to turn the car from [−π/2, π/2]. There is a single

goal region that we must reach and a single obstacle in the way. In our version,

the car can pass above or below the obstacle, but the gap above the obstacle is

larger, leading to a safer path above it.

We will optimise for all three secondary objectives here. In particular, due to

the offset of the obstacle, the current method always suggests a policy that takes

the car through the larger opening. For path preference, we will aim to get the car

to reach the goal region by passing below the obstacle.
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Figure 5: Dubins Car trace favouring top opening.

5.2.2 Drone

We have a four dimensional state space consisting of the x-position, y-position, x-

velocity and y-velocity. Our action space is two dimensional, consisting of an x-force

and a y-force, both from [−3, 3]. There is a single goal region and two obstacles that

the drone must pass between.
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Figure 6: Drone trace.

5.2.3 Mountain Car

Our state space is two dimensional, and consists of a position and a velocity. The

action space is one dimensional and consists of a force from [−1, 1]. Here, we have

a car at the bottom of a valley. The goal region is at one of the peaks on the side of

the valley. The car must reach it by driving forwards and backwards to gain enough

momentum to make it out of the valley.
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Figure 7: Mountain Car arena.

5.2.4 Pendulum

The state space is two dimensional, consisting of an angle and a velocity. The

action space is a one dimensional force from [−2, 2]. The goal region consists of the

box [[−0.1π,−1], [0.1π, 1]], corresponding to getting the pendulum to the top of its

possible arc and not moving too quickly.
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Figure 8: Pendulum arena.

5.3 Balls

We used the following specifications for g for each benchmark. In general, g can be

a continuous function. However, for efficiency we opted for step-wise functions. g is

specific to each problem domain and can be found through simple trial and error to

find one that gives a high satisfaction guarantee while also giving the reinforcement

learning agent some slack to perturb the actions.

We recall from Definition 4.2 how we define g for navigation based problems.
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We use arena aware projections for Dubins Car and Drone, and opt for constant

sized balls for Mountain Car and Pendulum. For brevity, we denote d(x, a) =

min(border(x, a), critical(x, a), goal(x, a)). We just now need to define f for the

arena aware projections.

5.3.1 Dubins Car

The action space is structured as (angle, force) and f is given as:

f(d(x, a)) =



(0.38π, 0.18) if d(x, a) ≥ 3.4

(0.36π, 0.16) if d(x, a) ≥ 3.2

(0.34π, 0.16) if d(x, a) ≥ 3

(0.32π, 0.15) if d(x, a) ≥ 2.8

(0.3π, 0.15) if d(x, a) ≥ 2.6

(0.28π, 0.14) if d(x, a) ≥ 2.4

(0.24π, 0.13) if d(x, a) ≥ 2

(0.18π, 0.12) if d(x, a) ≥ 1.6

(0.12π, 0.10) if d(x, a) ≥ 1.2

(0.10π, 0.10) if d(x, a) ≥ 0.8

(0.08π, 0.10) if d(x, a) ≥ 0.4

(0.06π, 0.10) if d(x, a) ≥ 0.2

(0, 0) if d(x, a) ≥ 0

For example, if we are at state x and proj(x,C(a)) is a distance of 3.3 from a

border, goal or obstacle, then we can perturb the suggested action by up to 0.36π

in its angle component and 0.16 in its force component, staying within the system

limits. We recognise that for this problem it was important to give the agent lots
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of control over the steering angle, so that it could choose how it wanted to navigate

around the obstacle.

5.3.2 Drone

The action space is structured as (x-force, y-force).

f(d(x, a)) =



(0.34, 0.34) if d(x, a) ≥ 3.4

(0.32, 0.32) if d(x, a) ≥ 3.2

(0.3, 0.3) if d(x, a) ≥ 3

(0.28, 0.28) if d(x, a) ≥ 2.8

(0.26, 0.26) if d(x, a) ≥ 2.6

(0.24, 0.24) if d(x, a) ≥ 2.4

(0.20, 0.20) if d(x, a) ≥ 2

(0.16, 0.16) if d(x, a) ≥ 1.6

(0.12, 0.12) if d(x, a) ≥ 1.2

(0.08, 0.08) if d(x, a) ≥ 0.8

(0.04, 0.04) if d(x, a) ≥ 0.4

(0, 0) if d(x, a) ≥ 0

5.3.3 Mountain Car

Here we set g(x, a) = 0.2 for all x and all a.

5.3.4 Pendulum

Here we set g(x, a) = 0.25 for all x and all a.
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5.4 Results

We use the following notation:

• sat - satisfaction guarantee

• satemp - empirical satisfaction over 1000 simulations

• |π| - average execution trace length

• Cstep - average cost function per step

• C - average cost function over a whole trace

5.4.1 Energy Efficiency

Table 1: Energy efficiency results.

Standard Policy Balls + RL

sat satemp |π| Cstep C sat satemp |π| Cstep C

Dubins Car 0.999 1 7 3.1 24.8 0.92 1 8 2.8 22.7

Drone 0.96 1 9 1.6 15.9 0.94 1 6 1.3 9.2

Mountain Car 0.99 1 49 0.86 43.1 0.74 1 56 0.67 38.4

Pendulum 0.99 1 28 1.56 45.7 0.96 1 28 1.43 41.7

Table 2: Energy efficiency improvements with novel framework.

% Improvement per Step % Improvement per Trace

Dubins Car 9.7 8.5

Drone 18.8 42.1

Mountain Car 22 10.9

Pendulum 8.3 8.8
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We are able to reduce energy consumption in each benchmark. Energy consump-

tion is measured over the whole trace and in Drone we are able to achieve 42.1%

improvement.

Most notably, Mountain Car’s trace length increased from 49 to 56, but

still achieved a 10.9% reduction in energy usage. This is good evidence that

given enough freedom, our reinforcement learning agent framework compensates for

more conservative policies caused by introducing permissiveness.

(a) Non-permissive policy. (b) Permissive policy with RL.

Figure 9: Mountain Car energy consumption.

In Figure 9, we plot the action magnitudes over 10 traces and see that our

approach significantly reduces the action magnitude.
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5.4.2 Action Smoothness

Table 3: Action smoothness results.

Standard Policy Balls + RL

sat satemp |π| Cstep C sat satemp |π| Cstep C

Dubins Car 0.999 1 7 1.02 8.1 0.92 1 8 1.03 8.8

Drone 0.96 1 9 2.9 28.7 0.94 1 6 2.7 19.98

Mountain Car 0.99 1 49 0.21 10.6 0.74 1 55 0.16 9.2

Pendulum 0.99 1 28 0.76 22.4 0.96 1 28 0.57 16.6

Table 4: Action smoothness improvements with novel framework.

% Improvement per Step % Improvement per Trace

Dubins Car -0.98 -8.6

Drone 6.9 30.4

Mountain Car 23.8 7.5

Pendulum 25 25.9

Our approach produces smoother policies in each benchmark except the Dubins

Car. Action smoothness is measured at each step as this is an indicator of a policy

not being bang-bang and we note a maximum of 25% improvement on Pendulum.

On Dubins Car we were < 1% less smooth on each step. The policy produced by

just taking the centre of each ball and ignoring the reinforcement learning agent

had Cstep = 1.76 leading to a % improvement per step of -72. Here, the policy was

significantly less smooth - we hypothesize this was because it cornered more sharply

to avoid obstacles by larger margins. We see that our reinforcement learning agent

still made significant progress in choosing a smooth policy from what was available

to it.
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(a) Non-permissive policy. (b) Permissive policy with RL.

Figure 10: Mountain Car action smoothness.

We see a tangible increase in smoothness using our approach.

5.4.3 Path Preference

Without using our method, the Dubins car chooses the larger opening above the

obstacle every time in the Monte Carlo simulations. If we synthesize a policy using

our permissive balls but don’t perturb the actions (use C(a) everywhere), we pass

below the obstacle about 170/1000 times. This is a good indication that the new

ball-aware policy isn’t just getting lucky and choosing to go beneath the obstacle

each time. Setting the reward target region to the smaller opening or the bottom

right corner of the arena saw the car pass below the obstacle every time. We

still maintained an empirical satisfaction of 1. Plots of the traces are below.
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(a) Non-permissive policy. (b) Permissive policy with RL.

Figure 11: Path preference traces.

5.4.4 Ball Size Satisfaction Guarantee Trade-Off

It is clear that the larger the balls, the more chance that our reinforcement learn-

ing agent improves the secondary objective. However, this increases the forward-

reachable sets, reducing our satisfaction guarantee. Here, we consider different con-

stant ball sizes for the Mountain Car benchmark and assess energy efficiency. Note

a radius of 0 is equivalent to a non-permissive policy.
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Figure 12: Mountain Car radius trade off.

We see that as the ball radius increases our RL agent reduces energy consump-

tion, but at some point there is a large drop off in satisfaction guarantee that would

make this policy unusable in real-world scenarios. This plot illustrates why we opted

for a radius of 0.2.

5.4.5 The Need for Dynamic Balls

We now demonstrate the need for dynamically shaped balls in navigation based

tasks. Let’s consider Dubins Car. We fix its ball to be (0.28π, 0.28) everywhere.

This drops our satisfaction guarantee from 0.92 with dynamic balls to 0.36. Despite

being so much lower, when we examine the path preference we find we are never

able to pass below the obstacle despite sacrificing a lot of our satisfaction guarantees.

This is because we still have a large degree of freedom in unsafe regions, but not a
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large enough degree of freedom to pick the lower path when we are in a safe region.

This shows that in navigation-based tasks dynamic balls can be far superior.

5.5 Evaluation

Our experiments show that our novel permissive policy approach, combined with

reinforcement learning to optimise for the secondary objective works well. We suc-

cessfully manage to significantly reduce energy consumption on each benchmark and

make our policies smoother on all but 1 benchmark (due to an overly conservative

policy). We also show we are able to coax the entity into taking an undesirable path

using our approach.

We discussed the trade off between increasing ball radius and the satisfaction

guarantees that we obtain and then showed a good use case where dynamically

shaped balls are necessary in navigation-based scenarios.

We finally note that we maintained an empirical satisfaction of 1 in every

experiment, despite the Mountain Car only having a guarantee of 0.74.

This indicates that our agents perform responsibly and that these guarantees are

pessimistic when used in practice.
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6 Conclusion

In this report I devised a novel method for synthesizing permissive policies using

abstraction based methods. I proved that we are still able to find robust satisfaction

guarantees with respect to the permissive policies achieving reach-avoid specifica-

tions, no matter how we resolve their non-determinism, by introducing a new relation

between abstract and concrete models, called PASR-Ball.

I then showed via thorough experimentation over a range of different benchmarks

and secondary objectives that we are able to successfully utilise known reinforce-

ment learning algorithms to optimise both Markovian and non-Markovian secondary

objectives while still maintaining an asymptotically perfect empirical satisfaction in

practice.

Our permissive policy framework (including the introduction of dynamic balls),

satisfaction guarantee theorems and application of a reinforcement learning agent

in this fashion are all novel contributions to the formal verification/control theory

field.

6.1 Future Work

A straightforward continuation of this work would be to extend the testing to more

types of secondary objectives. A more challenging next step would be to try and find

a more sophisticated method for choosing how to define the action balls. Currently,

we arrive at our definitions by inspection. As we introduce more slack, we reduce

the satisfaction guarantees. This happens at rates that are non-trivial to calculate

as in one “safe” area far from obstacles we can add lots of slack, and our satisfaction

guarantees remain high as our wider forward reachable set may not contain any

obstacles. However, the very nature of iteratively solving Bellman equations to

derive our satisfaction bound and the policy means that changing the ball definition
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in one location can have a knock on effect on the satisfaction guarantees of many

states.

One route worth trying is to try and derive a “sensitivity” for each abstract state.

High sensitivity corresponds to a small increase in ball slack causing a large decrease

in satisfaction guarantee. We believe it will be possible to calculate the gradient of

this sensitivity/satisfaction guarantee with respect to the ball slack provided, and

then try and find a happy medium.
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